ENABLERS OF MATHEMATICAL MODELLING:
WHAT I’'VE LEARNT THROUGH THREE YEARS

OF ENGAGEMENT

STEVE BRODERICK

INSTITUTE FOR
e ‘ ~ U LEARNING SCIENCES
& TEACHER EDUCATION

INSTITUTE FOR
g ‘ ~ U LEARNING SCIENCES
& TEACHER EDUCATION

Four students have participated in the Enablers project
from 2017-2019

In 2017, they were:
* Student A (Year 10)
* Student B (Year 9)
* Student C (Year 8)
* Student D (Year 8)
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m process: A Common diagrammatic
representation
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Medelling process
1. Specify the real problem
i f
2. Specify basic assumptions

} f
3. Formulate the math problem

i t
4. Salve the math problem

)

5. Interpret the solution

‘

6. Evaluxte'validate model

|

.

7. Communicate/report.

« Follow dewn arrows | from 1 fo trace out
mudelling process (path to » mlution)

* Up arrows 1 indicate (representatively)
that there is oflen to-ing and fro-ing
between different stages oo the way to s
wlution.

Making a report
Models are designed to address particular
probl In specific situati und hence they
must be usable by others. So there is & need to
communicate chearly and fully, and this involves:
¢  Describing the real-world probifem being
addressed.
®  Specifying the
questhons precisely
e Lising all ussumptions wherever they are
made
o Indicating bow numerical values wmed in
calculntions were decided on
o Showing and justifing ali mathematical
worlday
«  Sewing out all matbematical working, graphs,
tables etc
o Interpreting the moeaning of mathemaries!
results bn termis of the reslwarkd probilem
- Evaluating the solution in terms of the
problem requirements

resulting  mathematical
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Were Lsed M 4 Martig poit diring Cassroom

The principles that relate to TEACHERS are:
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The principles that relate to STUDENTS are:

Students who model successfully*:

ENGAGE

* 1 should be nated that it Iy possBie for successful modeling to be sndertaken sobe

anvd without the use of technslogy
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Teachers who implement modelling successfully in
their mathematics classes:

DEVECOP/SELECT TASKS
ENCOURAGE STUDIENY
RESPOND

ANTICIPATE

NI ML (20000 Madeling » erucial aspect of atudents mathemnatical roadelbng in K, Lesh, P.L Calbealth, €0 Mane
B A M fand, (IR ), Modelvag Students ' Mathemanical Modelng Compedencies, ACTMA L (pp. A2 000 New York, NY
S e

his rmacieg can b found in the Links te Our Pubilicstions page
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The Enablers
Project Resources
on the website
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Cla activities |, have'trialled: = 5

gllingenablers.com
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Enablers website: Classroom Resources

OUR ACTIVITIES:

The activitees below have been trtalied in classrooms in Quecnslasd and/or Victoria and have proven to be
effective across lower, muddle and upper socundery mathematics classes. Scane have been wrilten by s, scaw
by our project teachers In consultation with the Enabisrs team. Others have been sdapted fram

previomdy published activities

Where pesaibie. we have provided beth s weeksheet and Solution Gusde (Teacher Notes Jor each actwity. The
tracher nules do nel always peovide complets mathematicat wockings. They suggest posaibilities fur
Implementation acd for solving prroblems

Bushwalking Bushwalking
Warksheat Solution Cuide
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Enablers website: Classroom Resources

Is It worth the trip? 15 1t worth the trip?
Waorkshest Salution Guide

#1

K&chel Numbers Kochel Numbers
Worksheet #H2 Solution Guide
Sausage Sizsle Sausage Siztle

-'ﬁs E ."wi Worksheet Soluvon Gulde
K L e e e L)
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Enablers website: Classroom Resources

Saving Lus Arenas Saving Les Arena
Worksheet Solution Cuide

#3

Two Second Rule Two Second Rule
Worksheet Solution Cuide
Waste Not, Want Not Waste Not, Want Not
Worksheet #4 Solution Guide
Borad oo conpannd brcets byje preath setel Thon sshasin s wved 16 Dhurats b
1o Ihe woe of spperieg i brwbagien. At RPN P ——
wapese b vy wsnockivects v 1t nasdde b wed i zlavery
Woar 230 shudents grarwick srie b stdor
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Enablers website: Classroom Resources

Bushwafhing
Solution Cuide

Buskowalking
Worksheet

P

wydns rigy

Vand m premiy
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bow

‘*Suvvvm/s #5

Four-Flags Race

four-Flags
Salution Cuide

Four-Flags
Warksheet

v

Height of Crime
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Enablers website: Classroom Resources

Is it worth the trip?

o Btes abet vary
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e Modelling Enablers project
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Enablers website: Classroom Resources

Nemw of Petred Petrol Cost

Suation (Caana/iire)

7 Seven Atuery Creek v

B9 Fabgroes (Witerworks Be) mr

o Staftord (1]

Pumia Dewrtos Pask s
Sam's Car b The Malowiag aThiibanes

Makeimozel Topooa tarks Ascent Match Manua!  Fuel Tank G

Curvent Fosl Tank Level Avoot & |

Fuel Conumgtion T4 S 100k o 14 DR

Which petrol station is the
best choice for Sam?
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Enablers website: Classroom Resources

Kochel Numbers

Wiy Aradne VAU, i o 1he SO0 wiad il lampooert o P (e o, wai bars
i - T T e o . B

odelling Enablers Project
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Enablers website: Classroom Resources

[ |
1§ | cowass | TN z

A new composition by Mozart completed in
January 1791 has come to light.
What Kéchel number should be assigned to

this new piece of music?

e AC L e ot e S g A & A

Mt et S g gt
8 TEACHEN BDUCATON oy - po
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Enablers website: Classroom Resources

550 ]

400

kochel

250 ]

y = 25.0982 x+-257.872

100 P =0.9991532

12 14 16 18 20 22 24 26 28 3032 34 36 |
age
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Enablers website: Classroom Resources

5 Evwuation
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The Modelllng Enablers Project

Can you generalise a solution for
ann X ngrd?
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northern wall

(0, 100) (100, 108

(S0, 1xx)

(100. 70)start and finish

Eastern Wall

A

100, 30) start and finish

Waestern Wall

n,m . (100, 0)
southern wall

Figure 1
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a8 =[] [5]= 5] i [48|= J507 + 70" = 10v74

R[5 551 50 R - o - v

=5 [401_[0]1_ [40 . =7 = = - f
D = [0] [w]_ frss5 . [2D]= JaoF + —(10)° = 10v17
—= _ [100] _ [40] _ [60 . [3F] = R = 20
a5 =[] [ol'[zol i |AD| = V60T + 307 = 305
Total distance_= 10v74 + 10v106 + 10vV17 +30V5
=297.293 m
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A
8 (30, 1K)
(o8 ¢C A (L), S0)
=
o
Poan 5
D S0
B (W, 1 e o
A (100, %)
So the total distance is 10v2 + 90v2 +
10v/Z + 90v2 = 200v2, which is the
same as the previous solution.
[CR ]
Dilnm
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The minimad paths for af nine runners are shown balow 0 figure 8, All paths are aqual
In Jength which resudt In a minkmum distance of 20047 metres.
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For a general solution, consider figure 9 below, where the minimal distance s
represented by o, + d, + d, + d,.

100 - x X

100 - x

d4 100-X

X 100 - x

Fgure 9
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d, = Jx
b

also the same distance for d,)

o il

= \s'-i X

B

; =4/(100 = x)° 4+ (100 — x)*
= J2(100 —x)?

= V2(100 — x) (also the same distance for d,)

di+dy+ ds+ de = V23 +V2(100-x) + VZx + 2 (100 -x)
=2y2 x + 2V2 (100 - x)

= 2V2(x + (100 — x))

= 200y2 metres

Which Js equal to 100y8 metres,

The general solution for a square of side "x" Is v8 x
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Enablers’ Project Findings

*  Where possible, use real world problems/real world data v purely mathematical
contrived problems

«  Some students are after the ‘correct answer’; modelling allows for a range of
answers within the ballpark

. Using Fermi problems in the junior school allows students to become better
modellers

*  When using technology for curve fitting, students may aim for the best
correlation coefficient which is not necessarily the best model

. Expect the unexpected

28 | Steve Broderick | Breakout 1 | Enablers Symposium, May 2021 For non-commercial educational purposes only

28




Where to find some activity ideas...

INSTITUTE FOR
e ‘ \ C U LEARNING SCIENCES
& TEACHER EDUCATION

Other Resources

https://islands.smp.ug.edu.au/

Michael Bulmer (m.bulmer@ug.edu.au)
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A maths modelling activity
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Times for the Lunar Eclipse

This is the first full total lunar eclipse since 2018. From Queensland, the eclipse will
be seen In its entirety. Times below are In EST

Penumbral eclipse begins 6.46pm

_Partial eclipse begins | T:45pm ]
Total edipse begins | 8:10pm
Greatest eclipse | 9:19pen

| Total edipse ends 9:26pm
Partial edipse ands | 10:53pm

| Penumbral eclipse ends 11:51pm

Moan's direction of travel

O 6:46pm  Perumbral eclipse begins

0 v . T:45pm  Panad eclgne begins

. Earth's shadow "™ : 9:19pm  Geoatest eclpae
p 1% s

10:53pm  Pamal eckpse ends

200 waw

O 11:51om  Peoumbirs eclipes ands

31 | Steve Broderick | Breakout 1 | Enablers Symposium, May 2021 For non-commercial educational purposes only

31

A maths modelling activity

INSTITUTE FOR
g ‘ ~ U LEARNING SCIENCES
& TEACHER EDUCATION

Determining the Eccentricity of the Earth’s Orbit;
Kepler’s Game Changing Ildea

« The eccentricity of a circle |s zero,
« The eccentricity of an ellipse which is not a circle is greater than zero but less than 1.

» The eccentricity of a parabola Is 1
« The eccentricity of a hyperbola |s greater than 1,

32 | Steve Broderick | Breakout 1 | Enablers Symposium, May 2021 For non-commercial educational purposes only
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Tycho and Kepler:
A STEM
TrCNO VRAR! R .
JONANNES SIHE partnershlp

Ll
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Tycho & Kepler: A STEM partnership

Tycho Brahe (1546 — 1601) was the
most accurate pre —telescope
astronomer of his era. His data on
Mars’s orbit allowed Kepler to determine
the elliptical nature of the orbit. He used
extra-large sextants and quadrants
anchored to the bedrock under his
observatory to avoid wind and vibrations.

Johannes Kepler(1571 -1630) was
the greatest mathematical
astronomer of his day. He was
totally convinced that the Sun lies at
the centre of the Universe.
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A maths modelling activity
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A maths modelling activity
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A section of Kepler’s work from his
900-page notebook devoted to Mars.

Newton wrote:
Kepler knew ye Orb to be not circular
but oval, and guest it to be Elliptical.

Kepler's guess came from a hunch
actively pursued, in confrontation with
all previous theories. Four years of
reasoning and calculation followed his
initial hunch

Kepler crossed the divide between
ancient and modern astronomy and
ushered in the scientific revolution.
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Calculating the eccentricity of the
Earth’s orbit around the sun by
measuring the diameter

_ Sp~Sa
Sp+Sa

38 | Steve Broderick | Breakout 1 | Enablers Symposium, May 2021 For non-commercial educational purposes only
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A maths modelling activity
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S, =138 mm
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Sp =143 mm
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o= Sp—Sa

Sp+ Sa
143 -138
" 143+138

e =0.0178

Distance of the Sun at perihelion = 152.1 million km
Distance of Sun at aphelion = 147.1 million km

_da—dp
T dgtdy

— 152.1 -147.1
152.1+147.1

=0.0167 (accepted value)
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A maths modelling activity

Aphelion

4-July-2020
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Perihelion

2-January-2021
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2017 photos

Fapre 5. A Shmplap mmage saved a3 o PNG (i, The prommesces and sctie repon (vop et | aid
e
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Figure 9. Enfargements of the starting point and end point for the ruler tool show the undulations
in the chromosphere. The variations in length fram the ruler tool due to the undulations are
approxamately + 1.78 pocels.
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A maths modelling activity
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A maths modelling activity
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Date | Day Solar Diameter
(pixels)

11" January 2017 | 1 1627
17* January 2017 17 1626
26™ January 2017 | 26 1624
11" March 2017 |70 1614
18" March 2017 | 77 1612
26™ March 217 | 85 1609
31 March 2017 90 1605
2% April 2017 | 92 1604
7 April 2017 | 97 1602
14" April 2017 104 1599
11" January 2018* | 376* 1627*
26™ January 2018* | 391* 1624*

Table 2. Solar diameter data and corresponding
day number. * indicates diameters are assumed
to be the same as the previous year. The error associated
with the solar diameters was +1.78 pixels,
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"

137

Figure 7. Represents the sinusoidal graph of day v solar diameter. The minimum and
maximum represent when aphelion and perihelion occur,
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A maths modelling activity
_1626.29 -1573.99

T 1626.29+1573.99
0.016348

UACU

26.157 sin (0.0176 x +1.348) + 1600.143l

a d

Jd = (d+a) —(d —a)

d+a+d—a
_ 2a

T 2d
a

d

26.157
1600.143

0.0163
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A maths modelling activity
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Another test of the model is determining the date for per adel predicted
the 13" day for perihelion (January 13* 2017} and the 1917 day for aphelion (10 July 2017)

Based on the dates in table 3, the 13" January is 8 days past the 5™ January 2017 and the 10" July is

B days past the 47 July 2017

[

153

The percentage error is 100 = 2

Y% and ,b:‘ — X 100 = 1.64% respectively

Perihelion Distance (km) | Aphnllon | Distance (km)

5™ Janwsary 2017 147 100 998 | July 2017 1 152092 504 |
3* January 2018 147 097 233 7 July 2018 152 095 566 ]
3" January 2019 147 099 760 | 5% July 2019 | 152 104 285 |
57 January 2020 147 091 144 | 47 July 2020 | 152 095 295 |
2™ January 2021 147 093 163 July 2021 152 100 527

Table 3. US Naval Observatory perihelion and aphelion dates and distances for 2017 1o 2021

Substituting the 2017 perihelion and aphelion distances from table 3 into the eccentricity formula

D92 504~ 147 100 990 -

=0 0166832 (very close to the project value of e = 0.016345)

100 993
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A maths modelling activity

Solar diameter data

BACU
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Date Day number Sun's diameter
ath July 2019 0 51.58
14th Sept 2019 72 52.14
25th Sept 2019 36 52,35
13th Oct 2019 100 52.56
26th Oct 2019 113 52.71
9th Nov 2019 1127 152,92
23rd Nov 2019 141 53.09
7th Dec 2019 155 53.27
5th Jan 2020 184 53.34
ath July 2020 1365 | 51.58
Model

28x

Y=0.88 X sin (E — 1.5708) + 52.46
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53.34 —51.58

"~ 53.34+451.58
=0.01677

Y =0.88 sin (0.0172 x — 1.5708) + 52.46

e=4
d

0.88

52.46
= 0.01677
(accepted value =0.016683, 0.52% error)

Year 11 Student D obtained an eccentricity
e =0.01657 which is 0.67% error.
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Duration 4 woeks (Inchuding 3 hours of class time)
Made Writtan report Length Up %o 10 pages, maximum 2000 woeds,
oxciuding appendixes
Individual/ Individual responses Other
Browp
fesouroes Tha use of technology ts required, g
avaiable *  computer
e intemat
* spraadshoet program
s graphics cafculator
Contaxt

You will be required 1o collect several images of the Sun for a particular year that has been sllocated to you
(eg 2016, 2017, 2018, 2018). Data may be obtamed from the link bedow
hetp s suntoday lmsal.coon sunsoday

e Collect an appropriate sample of solar iImages to develop a model for how the diameter of the
Sun varies over one full year,

o Use you model to predict the dates of perihelion and aphelion for your stated year,

* Use your data to determine the eccentricity of the Earth’s arbit
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)} was able 1o conclude from

Attor many years of painstaiong caiculabons, Johannes Kepler {1571-18
Tycho Brahe's precisa data on Mars that planets ortit tha Sun in elliptical arbits. The measwre of an
efliptical orbil is known as the eccentricity and ranges between 0 and 1. i took several centuries o
accurately determine the eccantncity of the Earth's orbit; howaver, today with curent technologies such as
the SOHO Obsecvalory, usng imagas of the Sun over & panod of time reves| a small decraass of INcreass
in the apparent dismatar of the Sun. From thess images. is it possible 1o accurately determing the
eccentnctty of the Earth's orbit?

Ta complete this Tk, you st

» use tha probiem-saking and mathamatical modaling approach (o develop your response

= mspond with & taege of understanding and skills, such as USIng mathematical Srguage, appeoprate caloulytons
tablas of data, graphs and dagrams

* Provide a reaponse Miat highlghes the real-ite application of mathamatics

= raspond using & wiithen réport fommat Tt can be resd and interpreted ndependently of the instiument Lask sheet

+ devedop a unique response

* uza both analytc procedures and toechnology
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Sernshss
Betow are two arages of he Sun. The amage on the lef was taken ot paniheion whan the Esdh is clossst o
the Sun. whvle the anage on the right wos taken of apheton when the Earth is Axthost from the Sun

1 Sun w1 perihaion

| Sun at aphalon
Distace = 347 9 milion km

Distance = 152 1 mili

To calculate the eccentrcly (4), the dstances at partholon and aphalon can be used
ayed,
A i

T 1
= 0.01671

The accepted vaue Is 0.0167
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V.
Ls 30 m 'l—zo g

€ >
50 m

An ellipse consisting of 100 metres of string is looped around two
pegs representing the two foci which were 30 metres apart. The
length of the major axis (2a) is 70 metres.

_50-20
~ 50420

=0.43
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1com
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Pixelheight | Distance (metres) | Number of steps |
| 284.41 120 0

257.7 22.07 30

187 30.42 60

145.39 39,12 90

123.29 46.14 120

117.78 48.26 150

136.57 | 41.65 180

160.73 | 35.39 210

203.06. | 2801 240

263.72 21.56 270
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y =115 077269752 2inl0 01461730746 x+2 59132491483)+230 510414690

T

=20 0 20 40 60 80 100 120 140 160 180 200 220 240 260 280
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¥ = 136718574774 7in(0 021769067583 5+-1 56018271571)433
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